Some ecologists suggest that trophy hunting (e.g. harvesting males with a desirable trait above a certain size) 13 can lead to rapid phenotypic change, which has led to an ongoing discussion about evolutionary consequences 14 of trophy hunting. Claims of rapid evolution come from the statistical analyses of data, with no examination 15 of whether these results are theoretically plausible. We constructed simple quantitative genetic models to 16 explore how a range of hunting scenarios affects the evolution of a trophy such as horn length. We show 17 that trophy hunting does lead to trophy evolution defined as change in the mean breeding value of the 18 trait. However, the fastest rates of phenotypic change attributable to trophy hunting via evolution that are 19 theoretically possible under standard assumptions of quantitative genetics are 1 to 2 orders of magnitude 20 slower than the fastest rates reported from statistical analyses. Our work suggests a re-evaluation of the 21 likely evolutionary consequences of trophy hunting would be appropriate when setting policy. Our work does 22 not consider the ethical or ecological consequences of trophy hunting. 23
Next, quantitative genetic theory makes the assumption that the mean of A among parents is equal to that in offspring: e.g., E(A, t + 1) = E R (A, t). In 2-sex models this requires that the expected value of A in an offspring is the mid-point of the breeding value of its parents. Given this assumption,
where ∆E(Z) is the difference in the mean of the phenotype between the offspring and parental generations, 107 S(Z) is the selection differential on Z and V (A,t) V (Z,t) the heritability (h 2 ) of a trait, and t represents generation 108 number. The selection differential describes the difference in the mean value of the character between those 109 individuals selected to reproduce and the entire population prior to selection (Price, 1970) . Equation () is 110 the univariate breeders equation (Falconer, 1975) .
111
If all assumptions of the univariate breeders equation are met, it will accurately predict evolution of a 112 trait assuming that the selection differential and the additive genetic and phenotypic variances have been 113 appropriately estimated. One exception where it can fail is if there are genetically correlated characters that 114 have not been measured, and which are under selection (Lande and Arnold, 1983) . 115 Lande and Arnold (1983) developed a multivariate form of the breeders equation that states:
where ∆E(Z) is a vector describing change in the mean of each of the phenotypic traits from the parental 116 to the offspring generation, S is a vector of selection differentials on each character, G is a genetic variance-117 covariance matrix, and P is a phenotypic variance-covariance matrix. If 2 traits are genetically correlated, 118 and both are under selection, to understand how 1 of the traits evolves it is necessary to understand how 119 the 2 traits are genetically and phenotypically correlated, and how strong selection is on each of the traits.
120
In both the univariate and multivariate breeders equations, the selection differentials capture total selec-121 tion (Lande and Arnold, 1983) . This means that both equations accurately capture selection on the trait(s) 122 even in the presence of unmeasured genetically correlated characters. Genetically correlated characters influ-123 ence predictions of evolution in the breeders equations through their impact on estimates of the heritability 124 (in the univariate case) and the G matrix (in the multivariate case).
125
A limitation of the breeders equation is it is not dynamically sufficient -it should not be used to make 126 predictions across multiple generations, particularly when evolution is sufficiently strong that it alters genetic 127 variances and covariances (Lande and Arnold, 1983) . To construct a dynamic model, it is either necessary 128 to make assumptions about the genetic variance (it is sometimes assumed to be constant: (Lande, 1982) ) 129 6 or to track the dynamics of the entire distributions of A and E (Coulson et al., 2017) or A and Z (Barfield
.
  
Variances can be chosen to determine the heritability h 2 at time t = 0.
141
We assume that males and females have the same distribution of phenotypes and breeding values at birth, 142 and that the birth sex ratio is unity:
143
Next we impose selection. There is no direct selection on females and the number of recruits they 144 produced is set to 2, the replacement rate, to ensure the female population remains the same size over time 145 and the population growth rate λ = 1. This assumes males are not limiting. The distribution of females 146 selected to reproduce is consequently N R f (A, E, t) = 2N f (A, E, t). The same function for males is used in the 147 absence of hunting.
148
When males are selectively hunted, we remove individuals from the distribution before assigning male 149 reproductive success. We then scale the resulting distribution of males to be the same size as the distribution 150 of females. For example, if all males of above mean trophy size are culled, the matings they would have had 151 are redistributed across those males that were below the mean trophy size and not hunted. In the case of a 152 Gaussian distribution of the trophy, their lifetime reproductive success would increase proportionally to the 153 number of males culled. The proportion p is calculated and the post-
is the function describing selection on the male 155 trophy. The distribution N R m (A, E, t) is the distribution of the components of the phenotype of those males 156 selected to be fathers.
We impose selection on males by culling a proportion α of individuals that are above average size,
This generates a distribution of fathers N R m (A, E, t) that is equal in size to the distribution of mothers 158 N R f (A, E, t).
159
We now have distributions of maternal and parental characters that are the same sizes and sufficient 160 for the female population to replace itself with some males reproducing with multiple mothers. We assume 161 random mating and calculate the distribution of parental midpoint breeding values N R (A, t) by convolving
. for each value of A in the offspring distribution that is proportional to a Gaussian distribution with a mean 169 of 0 and an environmental variance that is the same as that in the previous generation. We now have the 170 bivariate distribution of the components of the phenotype in offspring N (A, E, t + 1).
171
Taken together this gives the following recursion, , 1983) . 179 We assume 2 traits Z 1 and Z 2 . We predict 1 generation ahead, so we do not use t for time to 180 simplify notation. We define bivariate Gaussian distributions of the traits' breeding values A 1 and A 2 181 (norm(µ(A), Σ(A))) and environmental components of the phenotype (norm(µ(E), Σ(E))). From this we 182 construct a bivariate Gaussian distribution of the phenotype norm(µ(Z), Σ(Z)) = norm(µ(A), Σ(A)) + 183 norm(µ(E), Σ(E)).
184
We now impose selection on the phenotype with the following fitness function W (Z, t) = β 0 +β 1 Z 1 +β 2 Z 2 .
185
We estimate selection differentials on the 2 phenotypic traits as
T is the vector transpose and S is a vector containing the selection differentials s 1 and s 2 . We also calculate 187 the univariate fitness functions W (Z) = β * 0 + β * 1 Z 1 and W (Z) = β 0 + β 2 Z 2 using methods from instrumental 188 variable analyses (Coulson et al., 2017; Kendall, 2015) . From these functions, we calculated the univariate 189 selection differentials s * 1 and s 2 . We calculate univariate heritabilities using the relevant additive genetic (Falconer, 1975) .
196
To explore the effects of hunting on the evolution of a trophy, we ran simulations with a range of initial We also examined the consequences of injecting additional genetic variance into the population at each 204 9 time step by setting the segregation variance to the constant initial value chosen at the beginning of the 205 simulation. For all parameter sets, we explored the effect of removing 25%, 50%, 75%, and 100% of males 206 of above average horn size (e.g., α = [0.25, 0.5, 0.75, 1]).
207
To demonstrate how correlated characters affect phenotypic evolution over a single generation, we ran a 208 number of simulations of the multivariate breeder's equation. In each simulation we set w = 0.3 + 0.1A 1 + 209 0.1A 2 and µ(Z) = (6, 6). These values are arbitrary in that any values could be used to reveal the effects we 210 demonstrate. We then ran 12 simulations. In each simulation V (A 1 , t = 0) = 2 and V (A 2 , t = 0) = 2. We 211 then examine 3 genetic covariance structures within 4 different distributions of the environmental components 212 of the phenotype. The first assumes no genetic covariance, the second a negative genetic covariance of -1.41 213 and the third a positive genetic covariance of 1.41. We chose the second and third values because they 214 are the 2 limits that the covariance can take to ensure the variance-covariance matrix is positive-definite.
215
The 4 distributions of the environmental components of the phenotype are selected such that phenotypic 216 variances and covariances are dominated by the additive genetic variances and covariances, and for cases 217 where approximately half of the phenotypic variances and covariances are attributable to the additive genetic 218 variances and covariances. We then explored the effects of positive and negative covariances between the 219 environmental components of the phenotypes on evolutionary dynamics.
220

RESULTS
221
Selective trophy hunting led to an evolutionary response in all of our simulations ( Fig. 1-3 ). In our initial 222 simulation with a starting heritability of 0.6, the phenotypic mean declined from a initial value of 70 to 223 between 57 and 62.5 depending upon the proportion of the population culled. There was relatively little 224 difference in the mean phenotype after 100 generations when 50%, 75%, or 100% of males of above average 225 trophy value were harvested; all simulations achieved a decline from 70 to 57 over 100 generations. In contrast, 226 evolution was notably slower when only 25% of above average trophy sizes were culled per generation ( Fig.   227 1(A). The phenotypic variation and heritability showed similar rates of change. This is expected because 228 variation in the environmental component of the phenotype at birth is constant across generations. The 229 rate of loss of phenotypic variation and decline in the heritability scaled with harvesting rate ( Fig. 1(B,C) ).
230
When all males above the mean trophy value were harvested, additive genetic variance was initially rapidly 231 eroded, before starting to decline more slowly. This change was reflected in the dynamics of the phenotypic 232 variance ( Fig. 1(B) ). These rates of change in the variance affected the dynamics of the mean phenotype.
233
Although the initial rate of evolution correlated with harvesting pressure, over the course of 100 generations 234 10 evolution was fastest when 75% of above average males were harvested. None of our scenarios predicted 235 phenotypic change at the rate reported by Coltman et al. (2003) . In our initial simulations it took between 236 40 and 100 generations before the mean phenotype evolved to a value that would be significantly different 237 from its initial value (regardless of sample size). Finally, altering the initial heritability by reducing the initial 238 additive genetic variance slowed the rate of evolutionary changed as expected. In contrast, as the additive 239 genetic variance and consequently heritability increased, so too did the rate of evolution ( Fig. 1(D) ).
240
In our second simulation, we increased the initial heritability by reducing the environmental variation.
241
This had a relatively small impact on the rates of evolution ( Fig. 2(A) ), although the reduction in the 242 phenotypic variance (Fig. 2 (B) did reduce rates of evolution at the highest levels of off-take ( Fig. 2(A) .
243
Increasing the additive genetic variance, and consequently the phenotypic variance, also increased rates of 244 evolutionary change slightly ( Fig. 3(A,B) ), although rates of evolution were still between 1 and 2 orders 245 of magnitude slower than reported by Coltman et al. (2003) and Pigeon et al. (2016) . The time series of 246 selection differentials estimated across males and females for these simulations are given in Fig. S1 .
247
In all simulations, setting the segregation variance to a constant value generated linear selection because 248 selection does not rapidly erode the additive genetic variance (Fig. S2 ). However, even when all males of 249 above average horn size are culled, the rate of evolution is still > 5 times slower than that reported by 250 Coltman et al. (2003) . 251 We next compared evolutionary dynamics predicted by the univariate and bivariate breeders equation to 252 examine whether correlated characters could lead to rapid evolution in the opposite direction to selection, 253 or to evolutionary stasis. The degree of correlation between 2 characters increased the rate of evolution 254 when the sign of the phenotypic covariance (-/+) was the same as the sign of the product of the selection 255 differentials on each trait ( Fig. 4(A) -(D)). As the proportion of phenotypic variation attributable to additive 256 genetic variation tended to unity, predictions from the univariate and bivariate breeders equation converged 257 ( Fig. 4(A) ). Similarly, although not reported, at the other limit, as the proportion of phenotypic variance 258 attributable to additive genetic variance tended to zero, no evolution was predicted by either the univariate genetic variances and covariances ( Fig. 4(B)-(D) ). Both additive genetic covariances, and covariances in the 262 environmental component of the phenotype, could lead to divergence between the univariate and bivariate 263 breeders equation (Fig. 4(B)-(D) ).
264
11
Although covariances in Σ(E) and Σ(A) could affect rates of evolution, when selection differentials were 265 large, covariances could not generate stasis or lead to evolution in the opposite direction to that predicted by 266 selection (Fig. 4, blue lines) . However, as selection got weaker, correlated characters could prevent selection, 267 and even lead to very small evolutionary change in the opposite direction to that predicted by evolution ( Fig.   268 4, red lines). However, effect sizes were small and would be challenging to detect without large quantities of 269 data.
270
DISCUSSION
271
Our simulations show that selective harvesting can alter the evolutionary fate of populations, and can result 272 in declines in trophy size. However, even under intensive trophy hunting, it is expected to take many tens 273 of generations before the mean trophy size has evolved to be significantly smaller than it was prior to the 274 onset of selective harvesting (see also Mysterud and Bischof, 2010; Thelen, 1991) . Our results also show that 275 although correlated characters can have impacts on phenotypic evolution, they cannot be invoked to explain 276 rapid phenotypic change in the opposite direction to that predicted from univariate selection differentials.
277
Our models are kept deliberately simple and make a number of assumptions. First, we iterate the 278 population forwards on a per-generation step. This means there is no age structure, and that a single , 2003) , this means that the rate of evolution will be greatest when genetic correlations 287 are close to unity. At the limit, this would mean that the same breeding value would determine trophy 288 size throughout life -an assumption of our model. Our model consequently likely predicts faster rates of 289 evolution than would be predicted from a model with age-structured breeding values and the same selection 290 regime that we assume.
291
A second assumption we make is that the trait is not subject to selection before selective harvesting 292 is imposed. Trophy size positively correlates with fitness in species that are not harvested (Preston et al.,
. Trophies may consequently be expected to be slowly evolving to be larger in the absence of selective 294 12 hunting. If that were the case, then the effect of trophy hunting would have to be greater than in our models 295 to lead to evolution of smaller trophies at the rates we report. This is because selective harvesting would have 296 to counteract evolution for larger trophies in the absence of harvesting, before then leading to a reduction 297 in trophy size. Our model would over-estimate the evolutionary impact of trophy hunting in such a case. formulated to likely exaggerate the consequences of trophy hunting on trophy evolution.
306
When predictions from simple models like ours fail to match with observation, the existence of genetically 307 correlated unmeasured characters is often invoked as an explanation (Merilä et al., 2001) . Changing the 308 degree of generic covariation between two characters can significantly alter selection differentials on both 309 characters (e.g., Fig. 4 ). However, this does not mean that the failure to measure a correlated character will 310 lead to incorrect estimates of a selection differential on a trait. In fact, the failure to measure a correlated 311 character will have no impact on the estimate of a selection differential of a focal character (Coulson et al., 312 2017; Kingsolver et al., 2001; Lynch and Walsh, 1998) . Estimates of selection differentials on a univariate 313 character will consequently always give an upper limit on the rate of evolution of a character that conforms 314 to the assumptions of the phenotypic gambit.
315
Genetic and environmental covariation with unmeasured characters can affect the response to selection.
316
The effect is most likely to be strongest when characters have heritabilities in the vicinity of 0.5 and co-317 variances are close to their limits. The further from this proportion that variance and covariances get, the 318 less biased predictions of evolution in the presence of unmeasured correlated characters becomes. Large 319 covariances that act to reduce the strength of selection can lead to low rates of evolutionary change in the 320 opposite direction to selection, but the effect is small and could only be detectable in very large data sets. 321 We consequently conclude that if the phenotypic gambit is assumed and significant selection on a trait is 322 observed, then unmeasured correlated characters can act to slow, or increase, rates of evolution compared to 323 those predicted by the univariate breeders equation, but they cannot result in evolutionary change that is 324 13 greater than the univariate selection differentials, or lead to evolutionary stasis. We conclude that although 325 our models on the effect of hunting on a trophy are simple, they will not be too wide of the mark, particularly 326 for large initial heritability for a trophy.
327
Although our models are simple, they provide some novel insights. In particular, our strongest selection 328 regimes result in initial increased rates of evolution. However, they erode the additive genetic covariance 329 more quickly than less stringent hunting regimes, rapidly slowing the rate of evolution. Over longer periods, 330 evolutionary rates are highest at intermediate rates of hunting compared to higher hunting rates. These 331 results show how important it is to track the dynamics of the additive genetic variance when predicting 332 evolution in the face of strong selection over multiple generations (see also Barfield et al., 2011; Childs et al., 333 2016; Coulson et al., 2017; Lande, 1982) . Assuming a constant additive genetic variance in the face of strong 334 selection would lead to predictions of elevated rates of evolution over multiple generations.
335
In most of our simulations we assume that the directional selection we impose erodes the additive genetic 336 variance as is often assumed in quantitative genetics (Falconer, 1975) . We do this by constraining the 337 segregation variation to be equal to half the additive genetic variance among parents (Barfield et al., 2011; 338 Childs et al., 2016). However, we also relax this assumption by maintaining a constant segregation variance 339 that is not eroded in the face of selection. This mimics processes, including mutation, that generate additive 340 genetic variance. By doing this we linearize the longer-term response to selection, such that evolution 341 continues to alter the trait value at a greater evolutionary rate over a longer period of time than is possible 342 when selection erodes the additive genetic variance. However, even under these circumstances, statistically 343 significant evolution is predicted to take between 10 and 20 generations even under strong selection when all 344 males of above average horn size are culled.
345
What do our results contribute to bighorn sheep management? Their primary contribution is to suggest 346 that very fast phenotypic change of quantitative characters that is sometimes observed in these populations 347 cannot be due to rapid evolution, at least not under the assumptions of quantitative genetics, for 2 reasons. have contributed to the observed phenotypic trends (Falconer, 1975) . Quantitative genetics theory and em-360 pirical methods exists to deal with each of these processes (Lynch and Walsh, 1998) , but statistical methods 361 to estimate these processes either require large population sizes or additional data that may not be avail-362 able for this population. Third, the association between body size and horn length and fitness may not 363 be causal (Merilä et al., 2001) , but both may reflect an individuals ability to extract resources from the 364 environment. Individuals that are good at doing this grow to large sizes, produce large trophies, and have 365 high fitness. If the ability to extract resources from the environment is not determined by a simple additive 366 genotype-phenotype map, then neither will be the association between body size and horn length and fitness.
367
Although our models reveal that very rapid evolution attributable to selective hunting is not a plausible 368 explanation for the observed phenotypic declines, our models are not parameterized for bighorn sheep. wildlife management policies given their conclusions are not theoretically plausible.
380
Quantitative genetics theory is powerful, elegant, and based on irrefutable logic (Falconer, 1975; Lande 381 and Arnold, 1983) . The statistical methods used to estimate evolutionary change are also extremely powerful 382 when assumptions that underpin the analyses are met (Lynch and Walsh, 1998 
FIGURE LEGENDS
532 Figure 1 . The effect of different trophy hunting regimes on the dynamics of the phenotype and the heritability.
533
The dynamics of the mean (A), the variance (B) and the heritability (C) all depend upon the proportion 534 of males of above average trophy (e.g., horn) size that are culled (numbers next to lines). In (A) the red 535 horizontal line represents 1.96 standard deviations from the initial mean trophy size. We selected the starting represents the rate of the change in the phenotypic mean they report. The line can be compared with the 539 lines from our simulations. In these simulations, the initial additive genetic variance was set at 3.0, and the 540 environmental variance at 2.0. We also report the dynamics of the mean phenotype when 25% of above-541 average trophy sizes are harvested as a function of increasing additive genetic variance and the heritability 542 (D). In each of the four simulations reported in (D) we set the initial phenotypic variance at 5 by using 543 values for the initial additive genetic variances as (4.99,3.75,2.5,1.25) and for the environmental variances as 544 (0.01,1.25,2.5,1.75). These give initial heritabilities of 0.99,.075,0.5 and 0.25 (values next to the lines). lines, the greater the disparity between predictions from the univariate and multivariate breeders equation. 565 We simulated that all phenotypic variation is attributable to genetic (co)variances (A), approximately half 566 of phenotypic variance is attributable to additive genetic variance (B), and the effect of a positive (C) and 567 negative (D) covariance in the environmental components of the phenotypes on rates of evolution. The 568 genetic and environmental (co)variance used in each simulation can be found in Table S1 .
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Summary to the electronic given standard assumptions of quantitative genetics.
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